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Getting started: weighted projective spaces and their Fq-points 1/16

The weighted projective space over Fq with weights w � pw0, . . . , wmq P Nm�1
¥1 is

Ppwq �
�
Fm�1

q zt0u
	
{�

where px0, . . . , xmq�pλ
w0x0, . . . , λwmxmq for every λ P F�q .

Pm def
� Pp1, 1, . . . , 1q is the classical projective space.

Definition

A point in Ppwq is an equivalence class rx0 : � � � : xms for �.
A point rx0 : � � � : xms P Ppwq is Fq-rational if pxq

0, . . . , xq
mq�px0, . . . , xmq. We write

PpwqpFqq for the set of Fq-(rational) points.

An Fq-point admits q � 1 representatives in Fm�1
q . ñ pm

def
� |PpwqpFqq| �

qm�1�1
q�1 .

Theorem

In this talk, we interest in upper bounds for the number of Fq-points at which a
homogeneous polynomial of degree d vanishes in several WPS.
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Outline of the talk 2/16

Part I: surfaces in P3

� Aubry & Voloch - Rational points on smooth surfaces in P3 over finite fields (2026).

Part II: hypersurfaces in WPS
� Aubry, Castryck, Ghorpade, Lachaud, O’Sullivan & Ram - Hypersurfaces in weighted projective
spaces over finite fields with applications to coding theory (2017).
� Aubry & Perret - Maximal number of rational points on hypersurfaces in weighted projective spaces
over finite fields (2025).

� N. & San José - Maximum number of zeroes of polynomials on weighted projective spaces over a
finite field (2026).



Part I
Bounds for surfaces in P3

with a detour throught curves in P2



Stöhr and Voloch’s strategy for curves C � P2 3/16
� Stöhr & Voloch - Weierstrass points and curves over finite fields (1986).

Take C a plane curve of degree d defined by fpX0, X1, X2q � 0 over Fq with
p � charpFqq � 2. Write Φ for the q–Frobenius morphism.

CpFqq � tP P C | ΦpP q � P u

�

tP P C | ΦpP q P TP Cu def
� Z

� C X pg � 0q

where g � Xq
0B0f �Xq

1B1f �Xq
2B2f .

P � ΦpP q

Q

ΦpQq
R

ΦpRq

gp1, x1, x2q � pxq
1 � x1qB1fp1, x1, x2q � pxq

2 � x2qB2fp1, x1, x2q

Bézout’s theorem: if dim Z � 0, the number of points in Z counted with multiplicity
is degpZq � pdeg fq � pdeg gq � dpd� q � 1q.
Multiplicity: If P P CpFqq, then mP pZq ¥ 2.

If C has at least a non–flex point (ñ dim Z � 0), then |CpFqq| ¤
1
2dpd� q � 1q.

Theorem [Stöhr–Voloch, 1986]

Counterexamples: lines, Hermitian curve.
; Stöhr–Voloch theory for curves in Pr.
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Voloch’s strategy for surfaces S � P3 (1/2) 4/16

� Voloch - Surfaces in P3 over finite fields (2003).

Take a degree–d surface S � P3 defined by fpX0, X1, X2, X3q � 0 over Fq.
Set S1 : Xq

0B0f �Xq
1B1f �Xq

2B2f �Xq
3B3f � 0 ñ S X S1 � tP P S : ΦpP q P TP Su .

✔ SpFqq � S X S1 ✘ dimpS X S1q ¥ 1 (actually 1 for most of the surfaces).

TP S contains (at most) 2 asymptotic lines that meet
the curve S X TP S at P with multiplicity ¥ 3:¸
0¤i¤3

BifpP qXi �
¸

0¤i¤j¤3
Bi,jfpP qXiXj � 0.

Tikz picture generated by Claude Opus 5 (I’m ashamed) Ñ

Set S2 :
°

0¤i¤j¤3 Bi,jfXq
i Xq

j � 0.

P

SpFqq � tP P S : ΦpP q lies on the asymptotic lines at P u

� S X S1 X S2

� ΓY L1 Y � � � Y Lm

0-dim. Fq-lines on S
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Voloch’s strategy for surfaces S � P3 (2/2) (q � p prime) 5/16
d d1 � d� q � 1 d2 � d� 2q � 2

S : fpX0, X1, X2, X3q � 0 S1 :
¸

0¤i¤3
Xq

i Bif � 0 S2 :
¸

0¤i¤j¤3
Xq

i Xq
j Bi,jf � 0

We have SpFqq � S X S1 X S2 � ΓY L1 Y � � � Y Lm.
0-dim. Fq-lines on S

m ¤ 11d2 � 30d � 18
if S smooth and d   p.

Multiplicity: If P P SpFqq, then mP pS X S1 X S2q ¥ 6.

|SpFqq| ¤
dpd� q � 1qpd� 2q � 2q

6 �mpq � 1q

Theorem [Voloch, 2003]

For i P t1, 2u, write S X Si � Ci Y L1 Y � � � Y Lm. Then Γ � C1 X C2.
If every Li appears with multiplicity 1, Ci � diH � L1 � � � � � Lm P PicpSq.

|Γ| � C1 � C2� d1d2H2 � pd1 � d2qpL1 � � � � � Lmq �H � pL1 � � � � � Lmq
2

� dpd� q � 1qpd� 2q � 2q � p2d� 3q � 3qm� pL1 � � � � � Lmq
2

hyperplane section

¤ mpm � 1 � dqLi � H � 1
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Aubry & Voloch’s bound for smooth surfaces in P3 6/16

If S is smooth of degree 2   d   p and contains m Fp-lines, then

|SpFpq| ¤
dpd� p� 1qpd� 2p� 2q�3mpd� p� 1q �mpm� 1q

6 �mpp� 1q

✔ Improves on Voloch’s previous bound for p ¡ 11d2�33d�22
3 .

Theorem [Aubry & Voloch, 2026]

The Fp-points of the Fermat surface S : X
p�1

2
0 �X

p�1
2

1 �X
p�1

2
2 �X

p�1
2

3 � 0 are contained
in its 3d2 � 3

4 pp� 1q2 Fp-lines (i.e., |Γ| � 0), and |SpFpq| �
3
8
�
p3 � 3p2 � 11p� 9

�
.

Example (does not reach the bound)

You may wonder what happens for curves on these surfaces...

Let S � P3 be an irreducible Frobenius classical surface of degree d. Let C � S
be a non–plane irreducible curve of degree δ ¤ q. Then |CpFqq| ¤

1
2δpd� q � 1q.

Holds if C is Frobenius nonclassical – under some conjecture, if it is Frobenius classical.

Theorem [Berardini & N., 2022] dimpS X S1q � 1



Aubry & Voloch’s bound for smooth surfaces in P3 6/16

If S is smooth of degree 2   d   p and contains m Fp-lines, then

|SpFpq| ¤
dpd� p� 1qpd� 2p� 2q�3mpd� p� 1q �mpm� 1q

6 �mpp� 1q

✔ Improves on Voloch’s previous bound for p ¡ 11d2�33d�22
3 .

Theorem [Aubry & Voloch, 2026]

The Fp-points of the Fermat surface S : X
p�1

2
0 �X

p�1
2

1 �X
p�1

2
2 �X

p�1
2

3 � 0 are contained
in its 3d2 � 3

4 pp� 1q2 Fp-lines (i.e., |Γ| � 0), and |SpFpq| �
3
8
�
p3 � 3p2 � 11p� 9

�
.

Example (does not reach the bound)

You may wonder what happens for curves on these surfaces...

Let S � P3 be an irreducible Frobenius classical surface of degree d. Let C � S
be a non–plane irreducible curve of degree δ ¤ q. Then |CpFqq| ¤

1
2δpd� q � 1q.

Holds if C is Frobenius nonclassical – under some conjecture, if it is Frobenius classical.

Theorem [Berardini & N., 2022] dimpS X S1q � 1



Aubry & Voloch’s bound for smooth surfaces in P3 and a bonus! 6/16
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Part II
A Serre-like bound for
hypersurfaces in WPS



Motivation and starting point: Serre’s bound for classical projective spaces 7/16

For f P Fqrx0, . . . , xms homogeneous, VPmpfqpFqq
def
� tP P PmpFqq : fpP q � 0u.

If degpfq � d, then |VPmpfqpFqq| ¤ min
 
pm, dqm�1 � pm�2

(
. pm � |PmpFqq|.

Serre’s bound

The equality is reached. Write Fq � tα1, . . . , αqu.

If d ¤ q, then f �
d¹

i�1
px1 � αix0q defines a union of d hyperplanes meeting at the

codimension 2 subspace x0 � x1 � 0.

If d ¥ q � 1, then dqm�1 � pm�2 ¥ pm and

f � xd�q
0

q¹
i�1

px1 � αix0q

vanishes at every Fq-point of Pm.

Question: Weighted projective spaces are generalizations of Pm. Do we have a
similar bound? If yes, is it reached?
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WPS and their Fq-points 8/16

Ppw0, . . . , wmq �
�
Fm�1

q zt0u
	
{� with px0, . . . , xmq�pλ

w0x0, . . . , λwmxmq, λ P F�q .
Definition

Ppcw0, cw1, . . . , cwmq � Ppw0, w1, . . . , wmq
Delorme: Ppw0, cw1, . . . , cwmq � Ppw0, w1, . . . , wmq if gcdpw0, cq � 1.

ñ Ppw0, w1q � Ppw0, 1q � P1

Isomorphisms between WPS

W.l.o.g. w � pw0, . . . , wmq is well-formed: gcdpwq � gcdpw0, . . . ,xwi, . . . , wmq � 1 @i.

For Pp1, . . . , 1q � Pm, we can choose the representatives of Fq-points as follows:
p1, x1, . . . , xmq, p0, 1, x2, . . . , xmq, . . . , p0, . . . , 0, 1q with xi P Fq.

Same for Ppw0, . . . , wmq if gcdpq � 1, wiq � 1 for every i P t0, . . . , m� 1u.

In Pp1, 2, 3q over F3, 2 � p0, 1, 1q � p0, 22, 23q � p0, 1, 2q. So p0, 1, 1q � p0, 1, 2q.
� Not every F3-point of the line x0 � 0 can be written p0, 1, x2q with x2 P F3.

Example
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Example
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WPS are examples of toric varieties.
WPS have finite quotient singularities.
Classification of surfaces: Any surface with K2 � 1 is a weighted complete
intersection of type p6, 6q in Pp1, 2, 2, 3, 3q. Catanese (1970)
Invariants and moduli spaces:

The moduli spaces of elliptic curves up to isomorphism over K (charpKq R t2, 3u) is

M1,1 �
 
pa : b : ∆q : ∆ � �16p4a3 � 27b2q

(
� Pp2, 3, 6q

�Pp1,2,3q
.

Genus-2 curves up to isomorphism over K (charpKq � 2) are characterized by Igusa
invariants pJ2, J4, J6, J10q P Pp2, 4, 6, 10q

�Pp1,2,3,5q
with J10 � 0.



Serre-like bound for Ppw0, . . . , wmq 10/16

degw px
a0
0 � � �xam

m q � a0w0 � � � � � amwm

S � Fqrx0, . . . , xms �
à
d¥0

Sd with Sd� Span tM monomials of S : degwpMq � du.

If w0 � 1 ¤ w1 ¤ � � � ¤ wm and lcmpw1, . . . , wmq | d, then

max
fPSd

��VPpwqpfqpFqq
�� � min

"
pm,

d

w1
qm�1 � pm�2

*
.

Conjecture [Aubry, Castryck, Ghorpade, Lachaud, O’Sullivan & Ram, 2017]

✔ matches Serre’s bound for w � p1, . . . , 1q,
✔ proved for m � 2 by Aubry et al. and refined by Çakıroğlu & Şahin,

� Çakıroğlu & Şahin - Algebraic Invariants of Codes on Weighted Projective Planes (2025)

✔ proved for w1 � 1 and gcdpq � 1, wi, wjq � 1 by Aubry & Perret (25).
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Aubry & Perret’s strategy (1/2) 11/16

Pm rfpy0, . . . , ymq
def
� fpxw0

0 , . . . , wwm
m q � 0

Ó π0
...

Ó πm�2
Ppw0, . . . , wm�2, 1, 1q fpx0, . . . , x

wm�1
m�1 , xwm

m q � 0
Ó πm�1

Ppw0, . . . , wm�1, 1q fpx0, . . . , xm�1, xwm
m q � 0

Ó πm

Ppw0, . . . , wmq fpx0, . . . , xmq � 0

where πi :
"

P pw0, . . . , wi�1, 1, wi�1, . . . , wmq Ñ P pw0, . . . , wmq
rx0 : � � � : xms ÞÑ rx0 : � � � : xwi

i : � � � : xms .

Strategy: relate
��VPpwqpfqpFqq

�� with
���VPmp rfqpFqq

��� and use Serre’s bound for Pm.
Ñ Counting

��π�1
i pP q

�� for P P Ppw0, . . . , wmqpFqq.
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Aubry & Perret’s strategy (2/2) 12/16

πi :
"

P pw0, . . . , wi�1, 1, wi�1, . . . , wmq Ñ P pw0, . . . , wmq
rx0 : � � � : xms ÞÑ rx0 : � � � : xwi

i : � � � : xms .

Every P � rx0 : � � � : xms P Ppw0, . . . , wmqpFqq with every xj P Fq falls into exactly
one of this case.

xi � 0 Ñ π�1
i pP q � trx0 : � � � : xi�1 : 0 : xi�1 : xmsu

xi � 1

xi R tx
wi , x P Fqu Ñ π�1

i pP q � ∅
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one of this case.

xi � 0 Ñ π�1
i pP q � trx0 : � � � : xi�1 : 0 : xi�1 : xmsu

xi � 1

Over F5, consider π2 :
"

Pp1, 1, 1, 4q Ñ Pp1, 1, 2, 4q
rx0 : x1 : x2 : x3s ÞÑ

�
x0 : x1 : x2

2 : x3
�

.

A point P � rx0 : x1 : 1 : x3s has two preimages rx0 : x1 : �1 : x3s

... unless they
are the same! For example, r0 : 0 : 1 : x3s � r0 : 0 : �1 : x3s because 22 � �1.

Example

xi R tx
wi , x P Fqu Ñ π�1

i pP q � ∅
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πi :
"
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i : � � � : xms .

Every P � rx0 : � � � : xms P Ppw0, . . . , wmqpFqq with every xj P Fq falls into exactly
one of this case.

xi � 0 Ñ π�1
i pP q � trx0 : � � � : xi�1 : 0 : xi�1 : xmsu

xi � 1

Let δP � gcd pwj : j P SupppP qq and δi,P � gcd pwj : j P SupppP q and j � iq
where SupppP q � tj : xj � 0u . Then��π�1

i pP q
�� pFqq �

gcd pwi, pq � 1q � δi,P q

δP
.

✘ depends on (the support of) P

If gcd pwi, wj , q � 1q � 1 for every j � i, then
��π�1

i pP q
�� pFqq � gcd pwi, q � 1q.

✔ does not depend on P

Proposition [Aubry & Perret, 2025]

xi R tx
wi , x P Fqu Ñ π�1

i pP q � ∅
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If w0 � 1 ¤ w1 ¤ � � � ¤ wm and lcmpw1, . . . , wmq | d, then

max
fPSd

��VPpwqpfqpFqq
�� � min

"
pm,

d

w1
qm�1 � pm�2

*
.

Conjecture

✔ matches Serre’s bound for w � p1, . . . , 1q,
✔ proved for m � 2 by Aubry et al. (17) and refined by Çakıroğlu & Şahin (25),
✔ proved for w1 � 1 and gcdpq � 1, wi, wjq � 1 by Aubry & Perret (25).

If w0 � 1, then max
fPSd

��VPpwqpfqpFqq
�� � min

"
pm,

�Z
d� 1
w1

^
� 1



qm�1 � pm�2

*
.

Theorem [N. and San José, 2025]
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*
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Footprint (or staircase) bound 14/16

Fix a monomial order   over the graded ring S � Fqrx0, . . . , xms �
À

e¥0 Se.

The leading monomial LMpfq of f P S is the greatest monomial appearing in f .

The footprint of I is ∆pIq � tM monomials of Su z tLMpfq, f P Iu.

��VPpwqpIq
��¤ |∆epIq| for some e " 0 where ∆epIq � ∆pIq X Se.

Footprint bound over Ppwq

I �xx0, x2
1y � Fqrx0, x1s and x0   x1.

VP1pIq � ∅ and ∆pIq � t1, x1u so ∆epIq � ∅ for e " 0.

Example

� total ordering on monomials compatible with multiplication



Vanishing Ideal of Ppw0, . . . , wmqpFqq and footprint bound 15/16

Let I be the ideal of homogeneous polynomials vanishing on PpwqpFqq.

� Şahin - Computing Vanishing Ideals for Toric Codes (preprint 2025)
✔ Binomial ✘ No known generators in general
✔ If w0 � 1, then x0xi

�
xq�1

i � x
wipq�1q
0

	
P I for i ¥ 1.

ñ A monomial xb0
0 � � �xbm

m P ∆pIq with b0 � 0 satisfies bi ¤ q � 1 for all i ¥ 1.

For f homogeneous of degree d and some e " 0,��VPpwqpfqpFqq
�� � ��VPpwqpI � xfyq

��¤∆epI � xfyq

|∆epIq| � |tM P ∆epIq : LMpfq | Mu|
� pm

Aimed bound:
��VPpwqpfqpFqq

�� ¤
�Z

d � 1
w1

^
� 1



qm�1 � pm�2 � pm � qm�1

�
q �

Z
d � 1
w1

^

.

For most f , |tM P ∆epIq : LMpfq | M and x0 | Mu| ¥ qm�1
�

q �
Y

d�1
w1

]	
.

✔ Reached when LMpfq � x�0x

Y
d�1
w1

]

1 .

Proposition [N. and San José, 2025]
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If w0 � 1, then for every homogeneous polynomial f of weighted degree d��VPpw0,...,wmqpfqpFqq
�� ¤ min

"
pm,

�Z
d� 1
w1

^
� 1



qm�1 � pm�2

*
.

Theorem [N. and San José, 2025]

✔ Reached by f � x
d�w1

Y
d�1
w1

]

0

Y
d�1
w1

]
¹
i�1

px1 � αix
w1
0 q (depends only on x0 and x1).

What if w0 ¥ 2?

If gcdpw0, wi, q�1q � 1 for every i ¥ 1, then the bound holds but it is not sharp.
Corollary [N. and San José, 2025]

fpx0, x1, x2q �

"
cx0x1px2 � αx0x1q pd � 10q,
cx0px2 � αx0x1qpx2 � βx0x1q or cx2

0x1px2 � αx0x1q pd � 12q
with

��VPp2,3,5qpfqpFqq
�� � 3q.

Example: Polynomials with maximum number of Fq-zeroes for w � p2, 3, 5q

Thank you for your attention!
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If gcdpw0, wi, q�1q � 1 for every i ¥ 1, then the bound holds but it is not sharp.
Corollary [N. and San José, 2025]

fpx0, x1, x2q �

"
cx0x1px2 � αx0x1q pd � 10q,
cx0px2 � αx0x1qpx2 � βx0x1q or cx2

0x1px2 � αx0x1q pd � 12q
with

��VPp2,3,5qpfqpFqq
�� � 3q.

Example: Polynomials with maximum number of Fq-zeroes for w � p2, 3, 5q

Thank you for your attention!
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